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3 A weak compactness theorem of the
Donaldson–Thomas instantons on compact Ka¨hler
threefolds
Y. Tanaka
Abstract
In [Ta], we introduced a gauge-theoretic equation on symplectic
6-manifolds, which is a version of the Hermitian–Einstein equation
perturbed by Higgs fields, and called it a Donaldson–Thomas equa-
tion, to analytically approach the Donaldson–Thomas invariants. In
this article, we consider the equation on compact Ka¨hler threefolds,
and study some of the analytic properties of solutions to them, using
analytic methods in higher-dimensional Yang–Mills theory developed
by Nakajima [N1], [N2] and Tian [Ti] with some additional arguments
concerning an extra nonlinear term coming from the Higgs fields. We
prove that a sequence of solutions to the Donaldson–Thomas equation
of a unitary vector bundle over a compact Ka¨hler threefold has a con-
verging subsequence outside a closed subset whose real two-dimensional
Hausdorff measure is finite, provided that the L2-norms of the Higgs
fields are uniformly bounded. We also prove an n/2-compactness the-
orem of solutions to the equations on compact Ka¨hler threefolds.
1 Introduction
The Donaldson–Thomas invariant is a deformation invariant of Calabi–Yau
threefolds, which was constructed by Thomas [Th] from the moduli space of
(semi-)stable sheaves by using algebraic geometry techniques. There are fur-
ther generalization of this by Joyce and Song [JS] and Kontsevich and Soibel-
man [KS1], [KS2]. These fit into programmes by Donaldson and Thomas
[DT] and Donaldson and Segal [DS], and many outcomes of them were made
in both Mathematics and Physics.
We approach these invariants by using an analysis, aiming at revealing
more symmetry and structures in the theory of the Donaldson–Thomas in-
variants. In [Ta], we introduced perturbed Hermitian-Einstein equations on
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symplectic 6-manifolds, which we called Donaldson–Thomas equations, with
a solution called Donaldson–Thomas instanton, to analytically approach the
Donaldson–Thomas invariants, studied the infinitesimal deformation and the
Kuranishi model of the moduli space of the Donaldson–Thomas instantons,
and described the moduli space as a symplectic quotient by using a moment
map for the action of gauge group. We also introduced a stability condition
which ought to produce a Hitchin–Kobayashi-type correspondence for the
Donaldson–Thomas instanton on Ka¨hler threefolds.
In this article, to make the argument simple in some sense, we assume
that the underlying manifold is a compact Ka¨hler threefold, and look into
the analytic aspect of the Donaldson–Thomas (D–T) instantons, especially,
bubbling phenomena of them at the initial phase. Bubbling phenomena of
Yang–Mills fields were first studied by Uhlenbeck [U1], [U2] (see also [W]),
and later by Nakajima [N1], [N2]. Tian [Ti] further analysed them by using
geometric measure theoretic methods developed by Lin [Li]. We use these
methods with some additional arguments concerning an extra nonlinear term
coming from the Higgs fields to analyse the Donaldson–Thomas instantons
on compact Ka¨hler threefolds.
The equations on compact Ka¨hler threefolds. Let Z be a compact
Ka¨hler threefold with Ka¨hler form ω, and let E be a unitary vector bundle
over Z of rank r. A complex structure on Z gives the splitting of the space
of the complexified two forms as Λ2⊗C = Λ1,1⊕Λ2,0⊕Λ0,2, and Λ1,1 further
decomposes into C〈ω〉 ⊕ Λ1,10 .
We consider the following equations for a connection A of E, and an
u(E)-valued (0,3)-form u on Z:
F 0,2A = 0, ∂¯
∗
Au = 0, (1.1)
F 1,1A ∧ ω2 + [u, u¯] + i
λ(E)
3
IdEω
3 = 0, (1.2)
where λ(E) is a constant defined by λ(E) := 6π(c1(E) · [ω]2)/r[ω]3. We
call these equations the Donaldson–Thomas equations, and we call a solu-
tion (A, u) to these equations a Donaldson–Thomas instanton (or a D–T
instanton for short).
We remark that, in the Ka¨hler case, the Weitzenbo¨ck formula (3.2) im-
plies that the Higgs field u is absent for c1(Z) > 0, and covariantly constant
for c1(Z) = 0. This property of the Higgs field is similar to the Hitchin
pair [Hi]; so this article may virtually concern compact Ka¨hler threefolds of
general type. However, we expect that this might provide a model in some
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sense for attacking problems on compact symplectic 6-manifolds with c1 = 0
because of strong similarities between these two geometries.
As mentioned above, using the methods by [N1], [N2], [Ti] with some
additional arguments on the Higgs fields, we prove a weak compactness
theorem of the Donaldson–Thomas instantons on compact Ka¨hler threefolds.
Theorem 1.1. Let Z be a Ka¨hler threefold, and let E be a unitary vec-
tor bundle over Z. Let {(An, un)} be a sequence of D–T instantons of E.
We assume that
∫
Z |un|2dVg are uniformly bounded. Then there exists a
subsequence {(Anj , unj )} of {(An, un)}, a closed subset S of Z whose real
two-dimensional Hausdorff measure is finite, and a sequence of gauge trans-
formations {σj}over Z \ S such that {σ∗j (Anj , unj)} converges to a D–T
instanton over Z \ S.
In addition, following [Z1], [Z2], we also prove an n/2-compactness the-
orem of the Donaldson–Thomas instantons on compact Ka¨hler threefolds.
Theorem 1.2. Let {(An, un)} be a sequence of D–T instantons of a unitary
vector bundle E over a compact Ka¨hler threefold Z with
∫
Z |FAn |3dVg ≤ C
, where C > 0 is a uniform constant. We assume that
∫
Z |un|2dVg are also
uniformly bounded. Then there exists a sequence of gauge transformations
{σj} and a subsequence {(Anj , unj )} of {(An, un)} such that {σ∗j (Anj , unj )}
converges to a smooth D–T instanton of E over Z.
On the assumption on the uniform bound on the L2-norm of u.
As in the case of the Hitchin pair [Hi], there is a circle action on the moduli
space of D–T instantons by (A, u) 7→ (A, eiθu) when the underlying manifold
is a Ka¨hler threefold. The action is Hamiltonian, and the moment map with
respect to the action is given by ||u||2L2 . For the Hitchin pair, Hausel [Ha]
introduced a compactification of the moduli space of the Hitchin pairs by
using the symplectic cut developed by Lerman [Le]. We pursue an analogy
of this to compactify the moduli space of D–T instantons in the direction of
the Higgs fields; so assuming L2-bound for u should fit into the context.
The organization of this article is as follows. In Section 2, we prove
a monotonicity formula for the Donaldson–Thomas instantons on compact
Ka¨hler threefolds. In Section 3, we derive a bound on u, and prove an ε-
regularity theorem for the Donaldson–Thomas instantons on compact Ka¨hler
threefolds. The proof of Theorem 1.1 is given in Section 4. In Section 5,
we prove the n/2-compactness theorem (Theorem 1.2) of the Donaldson–
Thomas instantons on compact Ka¨hler threefolds.
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Notation. Throughout this article, C,C ′, and C ′′ are positive constants,
but they can be different each time they occur.
Acknowledgements. I would like to thank Ryoichi Kobayashi and Hi-
roshi Konno for valuable comments, and Mikio Furuta for valuable com-
ments and many intensive discussions. I am also grateful to Katrin Wehrheim
for wonderful encouragement and useful comments. Last but not least I
would like to thank Dominic Joyce for many useful comments, and for point-
ing out errors in an earlier version of this article.
2 Monotonicity formula
Let Z be a compact Ka¨hler threefold with Ka¨hler metric g, and let E be a
unitary vector bundle over Z of rank r. We fix a Hermitian metric on E.
Our starting point is the following identity:∫
Z
{
|F 0,2A + ∂¯∗Au|2 +
1
2
|F 1,1A ∧ ω2 + [u, u¯] + i
λ(E)
3
IdEω
3|2
}
dVg
+ (2c2(E) − c1(E)2) · [ω] + 3(c1(E) · [ω]
2)2
2r[ω]2
=
∫
Z
{
1
2
(|FA|2 + |D¯∗Au|2 + |[u, u¯]|2)
+〈F 1,1A ∧ ω2 + i
λ(E)
3
IdEω
3, [u, u¯]〉
}
dVg,
where D¯∗Au = ∂¯
∗
Au+ ∂
∗
Au¯. Here we used the Bianchi identity ∂¯AF
0,2
A = 0 to
deduce
∫
Y 〈F 0,2A , ∂¯∗Au〉dVg = 0. We put
L(A, u) =
∫
Z
{
1
2
(|FA|2 + |D¯∗Au|2 + |[u, u¯]|2)
+〈F 1,1A ∧ ω2 + i
λ(E)
3
IdEω
3, [u, u¯]〉
}
dVg.
If (A, u) is a D–T instanton, L(A, u) becomes
L(A, u) =
1
2
∫
Z
{
|F⊥A |2 − |[u, u¯]|2
}
dVg
= (2c2(E)− c1(E)2) · [ω] + 3(c1(E) · [ω]
2)2
2r[ω]2
,
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where F⊥A is the Λ
1,1
0 -component of FA. One can see also from this that the
L2-norm of the curvature FA is bounded by the topological constant and∫
Z |[u, u¯]|2dVg, if (A, u) is a D–T instanton. Hence, from Proposition 3.1, it
is bounded if ||u||L2 is bounded.
In this section, we prove the following monotonicity formula for the
Donaldson–Thomas instantons on Ka¨hler threefolds.
Proposition 2.1. Let (A, u) be a D–T instanton of a unitary vector bundle
E over a compact Ka¨hler threefold Z. Then, for any z ∈ Z, there exists a
positive constant rz such that for any 0 < σ < ρ < rz, the following holds:
1
ρ2
eaρ
2
∫
Bρ(z)
m(A, u)dVg − 1
σ2
eaσ
2
∫
Bσ(z)
m(A, u)dVg
≥
∫ ρ
σ
8τ−3eaτ
2
∫
Bτ (z)
|[u, u¯]|2dVgdτ
+
∫
Bρ(z)\Bσ(z)
r−2ear
2
{
4
∣∣∣∣ ∂∂r ⌊F⊥A
∣∣∣∣
2
− 12
∣∣∣∣ ∂∂r ⌊[u, u¯]
∣∣∣∣
2
}
dVg,
(2.1)
where m(A, u) := |F⊥A |2 − |[u, u¯]|2, and a is a constant which depends only
on Z.
Proof. The proof goes along almost the same line as that of [Ti, Th. 2.1.1,
2.1.2] (see also [P, Th. 1]). Thus, we describe it rather sketchily.
First, as in [Ti, pp. 208], we consider a one-parameter family of diffeomor-
phisms {ϕt}|t|<∞ of Z with ϕ0 = idZ . We fix a connection A0, and denote by
D its covariant derivative. For (A, u) ∈ A(E)× Ω0,3(Z, u(E)), where A(E)
is the space of connections of E, we define a one-parameter family {(At, ut)}
in the following way. Let τ0t be the parallel transport of E associated to A0
along the path ϕt¯(z)0≤t¯≤t, where z ∈ Z. We define a family of connections
At by defining its covariant derivative as D
t
Xs := (τ
0
t )
−1
(
Ddϕt(X)
(
τ0t (s)
))
,
where X ∈ TZ and s ∈ Γ(Z,E). Then the curvature of At is written as
FAt(X,Y ) = (τ
0
t )
−1 · FA(dϕt(X), dϕt(Y )) · τ0t , where X,Y ∈ TZ. We also
define ut by ϕ
∗
tu. We now assume that (A, u) is a D–T instanton. Then, the
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same computation as in [Ti, pp. 209] yields
0 =
d
dt
L(At, ut)
∣∣∣∣
t=0
= −1
2
∫
Z
(
|F⊥A |2divX + 4
∑
〈F⊥A ([X, ei], ej), F⊥A (ei, ej)〉
)
dVg
− 1
2
∫
Z
(
|[u, u¯]|2 divX
+12
∑
〈[u, u¯]([X, ei], ei2 , . . . , ei6), [u, u¯](ei1 , . . . , ei6)〉
)
dVg,
where {ei} is an orthonormal basis of TzZ at z ∈ Z, and X = ∂ϕt∂t
∣∣∣
t=0
.
Furthermore, using [X, ei] = ∇Xei−∇eiX and g(∇Xei, ek) = −g(∇Xek, ei),
we get
0 =
∫
Z
(
|F⊥A |2divX − 4
∑
〈F⊥A (∇eiX, ej), F⊥A (ei, ej)〉
)
dVg
−
∫
Z
(
|[u, u¯]|2 divX
−12
∑
〈[u, u¯](∇eiX, ei2 , . . . , ei6), [u, u¯](ei1 , . . . , ei6)〉
)
dVg,
(2.2)
This is a version of the first variation formula for the Donaldson–Thomas in-
stantons on a compact Ka¨hler threefold, from which we deduce, for example,
the monotonicity formula.
Next, for z ∈ Z, we take a positive number rz so that the following
holds: there are normal coordinates ζ = (ζ1, . . . , ζ6) with z = (0, . . . , 0) in
the geodesic ball Brz(z) of Z with respect to the metric g, and
|gij − δij | ≤ c(z)(|ζ1|2 + · · ·+ |ζ6|2), |dgij | ≤ c(z)
√
|ζ1|2 + · · ·+ |ζ6|2
for some constant c(z) > 0 which depends only on rz and the curvature
of g. We then denote by r = r(ζ) the distance function from z, and by φ
a positive function on the unit sphere S5, and define a cut-off vector field
X by X(ζ) := ξ(r)φ (ζ/r) r ∂∂r , where ξ is a smooth function with compact
support in Brz(z). We now take an orthonormal basis { ∂∂r , e2, . . . , e6} around
z. Then, as in [Ti, pp. 211], ∇ ∂
∂r
∂
∂r = 0,∇ ∂
∂r
X = (ξ′r+ ξ)φ(ζ/r) ∂∂r ,∇eiX =
ξreiφ
∂
∂r + ξφ
∑6
j=1 bijej (2 ≤ i ≤ 6), |bij − δij | ≤ C ′c(z)r2, and C ′ is a
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positive constant. Plugging these into (2.2), we obtain∫
Z
|F⊥A |2(ξ′r + 2ξ + C ′c(z)r2ξ)φdVg −
∫
Z
|[u, u¯]2(ξ′r + 6ξ + C ′c(z)r2ξ)φdVg
= 4
∫
Z
{
ξ′rφ
∣∣∣∣ ∂∂r ⌊F⊥A
∣∣∣∣
2
+ ξr
〈
∂
∂r
⌊F⊥A ,∇φ⌊F⊥A
〉}
− 12
∫
Z
{
ξ′rφ
∣∣∣∣ ∂∂r⌊[u, u¯]
∣∣∣∣
2
+ ξr
〈
∂
∂r
⌊[u, u¯],∇φ⌊[u, u¯]
〉}
.
(2.3)
Let χ(r) be a function which is smooth and satisfies χ(r) = 1 for r ∈
[0, 1], χ(r) = 0 for r ∈ [1 + ε,∞) where ε > 0, and χ′(r) ≤ 0. We choose
ξ(r) = ξτ (r) := χ(r/τ) for τ ∈ [σ, ρ]. Then we obtain τ ∂∂τ (ξτ (r)) = −rξ′τ (r).
From this with (2.3), we get
∂
∂τ
(
τ−2eaτ
2
∫
Z
ξτφ|F⊥A |2
)
− τ4 ∂
∂τ
(
τ−6eaτ
2
∫
Z
ξτφ|[u, u¯]|2
)
≥ 4τ−2eaτ2 ∂
∂τ
(∫
Z
ξτφ
∣∣∣∣ ∂∂r ⌊F⊥A
∣∣∣∣
2
)
− 12τ−2eaτ2 ∂
∂τ
(∫
Z
ξτφ
∣∣∣∣ ∂∂r ⌊[u, u¯]
∣∣∣∣
2
)
− 4τ−3eaτ
∫
Z
ξtr
〈
∂
∂r
⌊F⊥A ,∇φ⌊F⊥A
〉
+ 12τ−3eaτ
∫
Z
ξtr
〈
∂
∂r
⌊[u, u¯],∇φ⌊[u, u¯]
〉
,
where a is a positive constant with a ≥ C ′c(z). Then, integrating this on τ
and letting ε go to zero, we obtain
ρ−2eaρ
2
∫
Bρ(z)
φm(A, u)dVg − σ−2eaρ2
∫
Bσ(z)
φm(A, u)dVg
≥
∫
Bρ(z)\Bσ(z)
r−2ear
2
φ
(
4
∣∣∣∣ ∂∂r ⌊F⊥A
∣∣∣∣
2
− 12
∣∣∣∣ ∂∂r⌊[u, u¯]
∣∣∣∣
2
)
dVg
− 4
∫ ρ
σ
τ−3eaτ
∫
Bτ (z)
r
∣∣∣∣ ∂∂r ⌊F⊥A
∣∣∣∣ ∣∣∣∇φ⌊F⊥A ∣∣∣ dVgdτ
− 12
∫ ρ
σ
τ−3eaτ
∫
Bτ (z)
r
∣∣∣∣ ∂∂r ⌊[u, u¯]
∣∣∣∣ |∇φ⌊[u, u¯]| dVgdτ
+
∫ ρ
σ
8τ−3eaτ
2
∫
Bτ (z)
φ|[u, u¯]|2dVgdτ
Then taking φ ≡ 1 gives Proposition 2.1.
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3 Estimates
3.1 A bound on u
In this subsection, we derive a bound on u. We use ideas by Mares in the
study of the Vafa–Witten equations in his Ph.D thesis [Ma].
Proposition 3.1. Let (A, u) be a D–T instanton of a unitary vector bundle
E over a compact Ka¨hler threefold Z. Then we have
||u||L∞ ≤ C||u||L2 , (3.1)
where C > 0 is a positive constant which depends only on Z.
Proof. This is basically a rephrasing of [Ma, Th. 3.1.1]. First, we use the
following form of the Weitzenbo¨ck formula (see [LM, Th. 8.17]):
∂¯A∂¯
∗
Au = ∇∗A∇Au+ su+ [iΛF 1,1A , u], (3.2)
where s is the scalar curvature of the metric g, and Λ = (∧ω)∗. Then, by
using Eqs. (1.1) and (1.2), we get 〈u,∇∗A∇Au〉 = −s|u|2 − |[u, u¯]|2. Hence
we obtain 〈u,∇∗A∇Au〉 ≤ C|u|2. Then we invoke [Ma, Th. 3.1.2] to deduce
that ||u||L∞ ≤ C||u||L2 .
From Proposition 3.1, we immediately get the following.
Corollary 3.2. Let (A, u) be a D–T instanton of a unitary vector bundle
E over a compact Ka¨hler threefold Z. Assume a bound on the L2-norm of
u. Then for any z ∈ Z and ε > 0, there exists a number r0 > 0 such that
for all 0 < r ≤ r0 we have 1r2
∫
Br(z)
|[u, u¯]|2 dVg ≤ ε.
3.2 Curvature estimate
In this subsection, we prove an ε-regularity theorem for the Donaldson–
Thomas instantons on compact Ka¨hler threefolds.
Proposition 3.3. Let (A, u) be a D–T instanton of a unitary vector bundle
E over a compact Ka¨hler threefold Z. Then there exist constants ε > 0 and
C > 0 which depend only on Z such that for any z ∈ Z and 0 < r < rz,
where rz is the constant in Proposition 2.1, if
1
r2
∫
Br(z)
|FA|2 dVg ≤ ε and∫
Br(z)
|u|2dVg < ε then
|FA|(z) ≤ C
r2
(
1
r2
∫
Br(z)
|FA|2 dVg
) 1
2
+
Cε
r2
.
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Proof. The proof also goes almost identically to that of [Ti, Th. 2.2.1] except
that we have the extra nonlinear term coming from the Higgs fields.
Lemma 3.4. Let (A, u) be a D–T instanton of a unitary vector bundle E
over a compact Ka¨hler threefold Z. Let z ∈ Z and 0 < r < rz. Suppose that∫
Br(z)
|u|2 dVg ≤ ε. Then the following holds:
∆|FA| ≥ −Cε− C ′|FA| − C ′′|FA|2, (3.3)
where C,C ′, C ′′ > 0 are constants which depend only on Z.
Proof. We use the following form of the Weitzenbo¨ck formula:
∇∗A∇Aϕ = ∆Aϕ+R(g)#ϕ+ FA ∗ ϕ,
where ϕ ∈ Ωp(Z, u(E)), R(g) is the Riemannian curvature of g, and # and
∗ are multi-linear maps (see [Ti, pp. 214] for explicit expressions). Then we
get
∆|FA|2 = 2|∇AFA|2 − 2〈∇∗A∇AFA, FA〉
= 2|∇AFA|2 − 2〈DAD∗AFA +R(g)#FA + FA ∗ FA, FA〉
= 2|∇AFA|2 − 2〈Λ2DAD∗A[u, u¯] +R(g)#FA + FA ∗ FA, FA〉
≥ 2|∇AFA|2 − C||[u, u¯]||L∞ |FA| −C ′|FA|2 − C ′′|FA|3,
≥ 2|∇AFA|2 − Cε|FA| − C ′|FA|2 − C ′′|FA|3,
where we used the equation (1 + ∗ ∧ ω)FA = Λ2[u, u¯], the Bianchi identity
DAFA = 0, and Proposition 3.1. Thus, we get ∆|FA| ≥ −Cε − C ′|FA| −
C ′′|FA|2.
Next, we put f(ρ) := (r − 2ρ)2 supx∈Bρ(z) |FA|(x), where ρ ∈ [0, r/2].
This function is continuous; thus it attains its maximum at some ρ0 ∈
[0, r/2].
Lemma 3.5. Let z ∈ Z and 0 < r < rz. Suppose that 1r2
∫
Br(z)
|FA|2dVg ≤ ε
and
∫
Br(z)
|u|2 dVg ≤ ε for ε > 0 sufficiently small. Then f(ρ0) ≤ 64.
Proof. We put b = supx∈Bρ0 (z) |FA|(x) = |FA|(x0), and take σ = (r−2ρ0)/4.
Then, we get
sup
x∈Bσ(x0)
|FA|(x) ≤ sup
x∈Bρ0+σ(z)
|FA|(x)
≤ (r − 2ρ0)
2
(r − 2ρ0 − 2σ)2 supx∈Bρ0(z)
|FA|(x) = 4b.
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We now suppose for a contradiction that f(ρ0) > 64. Clearly we have
σ
√
b ≥ 2. We then take ℓ = max{b, 1/r20}, where r0 is the constant in
Corollary 3.2. We define a new metric by g˜ := ℓg, and rescale (A, u) as
(A, u˜) = (A, ℓ2u). Then (A, u˜) is a D–T instanton with respect to the
metric g˜, and we get |FA|g˜ = ℓ−1|FA|, where |FA|2g˜ is the energy density
with respect to g˜. We then obtain supx∈B2(x0,g˜) |FA|g˜(x) ≤ 4.
On the other hand, from (3.3), we have ∆g˜|FA|g˜ ≥ −Cε − C ′|FA|g˜ −
C ′′|FA|2g˜. Thus, we get ∆g˜|FA|g˜ ≥ −Cε− C ′|FA|g˜ on B2(x0, g˜). Hence, by
the mean value theorem (see e.g. [GT, Th. 9.20]), we obtain
1 + Cε = |FA|g˜(x0) + Cε ≤ C
(∫
B1(x0,g˜)
|FA|2g˜ dVg˜
) 1
2
+ C ′ε.
Furthermore, from Proposition 2.1 and Corollary 3.2, we get∫
B1(x0,g˜)
|FA|2g˜ dVg˜ = (
√
ℓ)2
∫
B 1√
ℓ
(x0,g)
|FA|2 dVg
= (
√
ℓ)2
∫
B 1√
ℓ
(x0,g)
m(A, u)dVg + 3(
√
ℓ)2
∫
B 1√
ℓ
(x0,g)
|[u, u¯]|2 dVg
≤ 1
(r/2)2
ea(r/2)
2
∫
B r
2
(x0,g)
m(A, u)dVg + 3(
√
ℓ)2
∫
B 1√
ℓ
(x0,g)
|[u, u¯]|2 dVg
≤ 22e(a/4)r2ε+ 3ε.
Hence, we obtain 1 ≤ C
(
22e(a/4)r
2
ε+ 3ε
) 1
2
+ C ′ε, but this contradicts the
assumption that ε is sufficiently small. Thus Lemma 3.5 holds.
From Lemma 3.5, we obtain supx∈Br/4(z) r
2|FA| ≤ 4f(ρ0) ≤ C. We again
define a new metric by g′ := r−2g, and rescale (A, u) as (A, u′) = (A, r−2u).
Then we get |FA|g′ ≤ C. Combining this with (3.3), we obtain ∆g′ |FA|g′ ≥
−Cε − C ′|FA|g′ . Hence the mean value theorem again implies Proposition
3.3.
From Proposition 3.3 and a result by Uhlenbeck [U1, Th. 2.7], we get
the following.
Corollary 3.6. There exist constants ε > 0, C > 0, and rε > 0 such that
for any z ∈ Z and 0 < r < rε, if (A, u) is a D–T instanton over Br(z) with
r−2
∫
Br(z)
|FA|2dVg ≤ ε, then there exists a gauge transformation σ over
Br(z) such that d
∗σ(A) = 0 and ||σ(A)||L∞(Br(z)) ≤ C||Fσ(A)||L∞(Br(z)).
A weak compactness theorem of the Donaldson–Thomas instantons 11
4 A weak convergence.
In this section, using the results in Sections 2 and 3, we prove Theorem 1.1.
We basically follow the proof of a previous result for Yang–Mills connections
by Nakajima [N2] (see also [Ti, Prop. 3.1.2]).
First, we take ε as in Corollary 3.6, and consider a set
S =
⋂
δ>r>0
{z ∈ Z : lim inf
n→∞
1
r2
∫
Br(z)
{|F⊥An |2 − |[un, u¯n]|2} dVg ≥ ε},
where δ is the injective radius of (Z, g). One can easily check that this S is
closed.
Lemma 4.1. The real two-dimensional Hausdorff measure of S is finite.
Proof. Let K be a compact subset of Z. We take a covering {B2δ(zα)} (α =
1, . . . , N) of S ∩K, where zα ∈ S ∩K, and Bδ(zα) ∩Bδ(zβ) = ∅ for α 6= β.
Then for sufficiently large n, r−2
∫
Br(zα)
m(An, un)dVg ≥ ε2 for α = 1, . . . , N .
Thus, we obtain
∑
α
r2 ≤ 2
ε
∑
α
∫
Bδ(zα)
m(An, un)dVg ≤ 2
ε
∫
Z
m(An, un)dVg ≤ C
ε
.
Hence, the real two-dimensional Hausdorff measure of K ∩ S is finite.
We next take a point z ∈ Z\S. By the definition of the set S, we can find
a number N ∈ N and a radius r′ > 0 such that 1
r2
∫
Br(z)
m(An, un)dV ≤ ε for
any 0 < r < r′ and n ≥ N . We take r ≤ min {r′, rz, r0, rε}. From Corollary
3.2, we have 1r2
∫
Br(z)
|[un, u¯n]|2dVg ≤ ε for all n ∈ N. Hence we get
1
r2
∫
Br(z)
|FAn |2dV ≤
2
r2
∫
Br(z)
|[un, u¯n]|2dVg + ε ≤ 3ε.
Therefore, from Corollary 3.6, there exists a Coulomb gauge σn such that
d∗σn(An) = 0 on Br(z) with ||σn(An)||L∞(Br(z)) ≤ C||Fσn(An)||L∞(Br(z)).
Since Eqs. (1.1) and (1.2) are gauge invariant, each (σn(An), σn(un)) satisfies
the Donaldson–Thomas equations. Furthermore, Eqs. (1.1) and (1.2) with
d∗σ(A) = 0 form an elliptic system; thus, by standard elliptic theory, we
also get uniform bounds on the derivatives of (σn(An), σn(un)). Hence,
there exists a subsequence which converges to a D–T instanton on Br/2(z)
in smooth topology.
We then patch the gauges above together by using arguments in [DK,
§4.4.2] (see also [U2, §3] ) to get a sequence of gauge transformations σj on
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Z \ S and a subsequence {(Anj , unj )} such that σj(Anj , unj ) converges to a
D–T instanton on Z \S. We omit the detail here, since it becomes a formal
repetition.
5 A convergence
In this section, we prove Theorem 1.2, which can be thought of as an n/2-
compactness theorem for the Donaldson–Thomas instantons on compact
Ka¨hler threefolds. This sort of analysis for the Yang–Mills and the coupled
Yang–Mills fields were studied by Sibner [S], and the convergence results for
them were obtained by Zhang [Z1], [Z2]. The proof goes by analysing the
singular set of a limit D–T instanton in the same way as in [Z1], [Z2].
Convergence of measures and the structure of singular sets. First,
from Proposition 3.3 and the Ho¨lder inequality, we immediately obtain the
following.
Corollary 5.1. Let (A, u) be a D–T instanton of a unitary vector bundle
E over a compact Ka¨hler threefold Z. Then there exist constants ε > 0 and
C > 0 such that for any z ∈ Z and 0 < r < rz, if
∫
Br(z)
|FA|3 dVg ≤ ε and∫
Br(z)
|u|2 dVg ≤ ε, then
|FA|(z) ≤ C
r2
(∫
Br(z)
|FA|3 dVg
) 1
3
+
Cε
r2
.
We then prove the following reproduction of [Z2, Th. 4.2] (see also [Ti,
Th. 4.2.3]).
Proposition 5.2. Let {(An, un)} be a sequence of D–T instantons of a
unitary vector bundle E over a compact Ka¨hler threefold Z. We assume that∫
Z |FAn |3dVg ≤ C, and that
∫
Z |un|2dVg are also uniformly bounded. Then,
there exist a subsequence {(Ak, uk)}, a sequence of gauge transformations
{σk}, and a finite set of points T = {zα}ℓα=1 ⊂ Z such that σk(Ak, uk)
converges to a D–T instanton (A, u) over Z \ T .
Moreover, for each α = 1, . . . , ℓ there exists a positive constant θα > 0
such that
|FAk |3dVg → |FA|3dVg +
ℓ∑
α=1
θαδzα
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weakly in the sense of the Radon measure, where δzα is the Dirac measure
at zα.
Proof. We follow the proof of [Z2, Th. 4.2]. First we put
T :=
⋂
δ>r>0
{z ∈ Z | lim inf
n→∞
∫
Br(z)
|FAn |3dVg ≥ ε}.
One can easily check that the set T is closed, and can prove the following
two lemmas in the same way as in Theorem 1.1.
Lemma 5.3. The zero-dimensional Hausdorff measure of T is finite.
Lemma 5.4. There exist a subsequence {(Ak, uk)} of {(An, un)} and a
sequence of gauge transformations {σk} such that σk(Ak, uk) converges to
(A, u) outside Z \ T .
We then consider the Radon measures µk := |FAk |3dVg. By taking a
subsequence if necessary, µk weakly converges to a Radon measure µ on Z.
We write µ = |FA|3dVg+ ν, where ν is a non-negative Radon measure on Z.
Since the support of ν is in T , we write ν =
∑
θαδyα , where θα ≥ 0. In fact,
θα is positive, because, by using a cut-off function χ ∈ C∞(Z) with χ(z) = 1
on Br(zα) and χ(z) = 0 on Z \B2r(zα), where B2r(zα) is a geodesic ball of
radius 2r with centre at zα so that T ∩B2r(zα) = {zα}, we obtain
ε ≤ lim inf
k→∞
∫
Br(zα)
|FAk |3dVg
≤ lim
k→∞
∫
Z
χ|FAk |3dVg ≤ θα +
∫
B2r(zα)
|FA|3dVg.
Thus, by taking r → 0, we get θα ≥ ε > 0.
We next take normal coordinates (ζ1, . . . , ζ6) around zα, and denote by
B(ζ, ρ) an open ball of radius ρ with centre at ζ in the normal coordinates.
Imitating [Z2, (4.9)], we define a function
E˜(k, ρ) := sup
ζ∈B(0,r)
∫
expzα(B(ζ,ρ))
|FAk |3dVg
for 0 ≤ ρ ≤ r. The function E˜(k, ρ) is continuous and non-decreasing in ρ
and E˜(k, 0) = 0.
From the definition of T , we have E˜(k, r) ≥ ∫Br(zα) |FAk |3dVg ≥ 3ε4 for
k sufficiently large. Since E˜(k, r) is continuous, there exist 0 < ρk < r
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and ζk ∈ B(0, r) such that E˜(k, ρk) =
∫
expzα(B(ζk ,ρk))
|FAk |3dVg = ε2 . Since
T ∩B2r(zα) = {zα}, ρk → 0, ηk → 0 as k →∞.
We now define Ak,ρk := τ
∗
ρk
exp∗zα Ak, uk,ρk := ρ
−2
k τ
∗
ρk
exp∗zα uk, where
τρk(v) := ζk+ρkv for v ∈ TzαZ. Then, (Ak,ρk , uk,ρk) satisfies the Donaldson–
Thomas equations on TzαZ with respect to a metric gk := ρ
−2
k τ
∗
k exp
∗
zα g.
Moreover, we have
∫
TzαZ
|FAk,ρk |3dVgk =
∫
B2r(zα)
|FAk |3dVg ≤ C.
The following, a replication of [Z2, Th. 4.3], also holds for the Donaldson–
Thomas instantons case.
Proposition 5.5. Let (Ak, uk) and T be as in Proposition 5.2, and let
zα ∈ T . Then there exists a subsequence of {(Ak,ρk , uk,ρk)}, which converges
to a smooth D–T instanton (B, v) of the trivial bundle over (TzαZ, gzα) with
|FB | 6= 0 and
∫
TzαZ
|FB |3dVgzα ≤ θα.
Proof. The proof is formally the same as that of [Z2, Th. 4.3]. We have
E˜(k,ρk) =
∫
B(0,1)
|FAk,ρk |
3dVgk
= sup
ζ∈τ−1k (B(0,r))
∫
B(ζ,1)
|FAk,ρk |
3dVgk =
ε
2
.
(5.1)
Thus, from Corollary 5.1, if ε is small, we get |FAk,ρk | ≤ Cε
1
3 +C ′ε. Hence,
there exist a subsequence (Ak′,ρk′ , uk′,ρk′ ) and a sequence of gauge trans-
formations {σk′} such that σk′(Ak′,ρk′ , uk′,ρk′ ) converges to a D–T instanton
(B, v) on (TzαZ, gzα)
∼= (C3, g0). From (5.1), we have
∫
B(0,1) |FB |3dVgzα = ε2 .
Thus, |FB | 6= 0. Also by Fatou’s lemma,∫
TzαZ
|FB |3dVgzα ≤ lim infk′→∞
∫
TzαZ
|FAk′ |3dVgk′
≤ θα +
∫
B2r(zα)
|FA|3dVg.
Thus, taking r → 0, we obtain ∫TzαZ |FB |3dVgzα ≤ θα.
Proof of Theorem 1.2. From Proposition 5.2, we can find a subsequence
{(Ak, uk)} of {(An, un)} and a sequence of gauge transformations {σk} such
that σk(Ak, uk) converges to a D–T instanton over Z \T , where T is a finite
set of points. If T 6= ∅, then by using Proposition 5.5, we can construct a D–
T instanton (B, v) on C3 with
∫
C3
|FB |3dVg0 < C and |FB | 6= 0. On the other
hand, from the Weitzenbo¨ck formula (3.2), u vanishes on (C3, g0), namely,
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D–T instantons are just Hermitian–Einstein connections on (C3, g0). Thus
we get a Hermitian–Einstein connection on (C3, ω0) with
∫
C3
|FA| 32 dVg0 ≤ C
and FA 6= 0. However, this contradicts the following result by Zhang [Z1].
Theorem 5.6 ([Z1] Theorem 3.3). If A is a Hermitian–Einstein connection
over (C3, ω0) with
∫
C3
|FA|3dVg0 ≤ C, where g0 is the standard metric on
C
3, then FA ≡ 0.
Thus, T = ∅. This proves Theorem 1.2.
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